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7KLV VROXWLRQV OHDIOHW IRU WKH ,0& LV VHQW LQ WKH KRSH WKDW LW PLJKW
SURYLGH DOO FRQFHUQHG ZLWK VRPH DOWHUQDWLYH VROXWLRQV WR WKH RQHV
WKH\ KDYH REWDLQHG� ,W LV QRW LQWHQGHG WR EH GHILQLWLYH� 7KH
RUJDQLVHUV ZRXOG EH YHU\ SOHDVHG WR UHFHLYH DOWHUQDWLYHV FUHDWHG
E\�FDQGLGDWHV�

7KH�8.07�LV�D�UHJLVWHUHG�FKDULW\



�� ( 7KH�FORFNV�GR�QRW�JR�IRUZDUG�RU�EDFN�WKLV�ZHHN��VR�WKHUH�DUH�VHYHQ����KRXU�GD\V�
WKDW�LV�����KRXUV�
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RI�WKH�ODUJH�VTXDUH�LV�VKDGHG��FRUUHVSRQGLQJ�WR� �
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�� ���' ,Q�HDFK�RI�WKH�IUDFWLRQV��WKH�GHQRPLQDWRU�LV����DQG�WKH�VXP�RI�WKH�GLJLWV�RI�WKH
QXPHUDWRU�LV�DOVR�����6R�HYHU\�QXPHUDWRU�LV�D�PXOWLSOH�RI���DQG�WKH�HYHQ
QXPHUDWRUV�DUH�DOVR�PXOWLSOHV�RI�����+RZHYHU������LV�QRW�D�PXOWLSOH�RI�����VR

�LV�WKH�RQO\�H[SUHVVLRQ�QRW�HTXDO�WR�D�ZKROH�QXPEHU�
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�� % /HW�VKDSH�&�KDYH�ZLGWK���XQLW��KHLJKW���XQLW�DQG�GHSWK���XQLW��7KHQ�WKH�YROXPHV�
LQ�XQLWVñ��RI�WKH�ILYH�VKDSHV�DUH��$����%� ��&� ��'� ��(�����7KHVH�WRWDO� �XQLWVñ�
VR�ZH�PD\�GHGXFH�WKDW�WKH�FXEH�IRUPHG�E\�WKH�IRXU�VKDSHV�ZLOO�KDYH�VLGH���XQLWV
DQG�YROXPH���XQLWVñ��+HQFH�%�LV�WKH�VKDSH�ZKLFK�LV�QRW�UHTXLUHG��7KH�FXEH�PD\
EH�IRUPHG�E\�SODFLQJ�&�QH[W�WR�'�WR�IRUP�D�VKDSH�LGHQWLFDO�WR�$��7KLV
FRPELQDWLRQ�LV�WKHQ�SODFHG�DORQJVLGH�$�WR�IRUP�D�VKDSH�LGHQWLFDO�WR�(��,I�VKDSH�(
LV�QRZ�URWDWHG�WKURXJK� �DERXW�D�VXLWDEOH�D[LV��LW�PD\�EH�SODFHG�ZLWK�WKH
FRPELQDWLRQ�RI�VKDSHV�$��&�DQG�'�WR�IRUP�D�FXEH�
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�� ' /HW�WKH�RULJLQDO�QXPEHU�EH� ���7KHQ� ��WKDW�LV� ���6R
�RU� ��EXW�DV� �LV�QRQ�]HUR�LW�LV� �
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�� $ 2FWREHU�KDV����GD\V�VR��LQ�DQ\�\HDU��LQ�2FWREHU�WKHUH�DUH�WKUHH�GD\V�RI�WKH�ZHHN�ZKLFK
RFFXU�ILYH�WLPHV�DQG�IRXU�GD\V�ZKLFK�RFFXU�IRXU�WLPHV��$V�WKHUH�ZHUH�IRXU�7XHVGD\V
DQG�IRXU�)ULGD\V��WKHUH�FRXOG�QRW�KDYH�EHHQ�ILYH�:HGQHVGD\V�RU�ILYH�7KXUVGD\V��VR�WKH
GD\V�ZKLFK�RFFXUUHG�ILYH�WLPHV�ZHUH�6DWXUGD\��6XQGD\�DQG�0RQGD\��+HQFH�2FWREHU
�VW�IHOO�RQ�D�6DWXUGD\��ZKLFK�PHDQV�WKDW�2FWREHU���VW�ZDV�D�0RQGD\�

�� ' /HW�WKH�VPDOOHU�FXEHV�KDYH�VLGH�RI�OHQJWK���XQLW��6R�WKH�RULJLQDO�FXEH�KDG�VLGH�RI
OHQJWK���XQLWV�DQG�KHQFH�D�VXUIDFH�DUHD�RI����XQLWVð��DOO�RI�ZKLFK�ZDV�SDLQWHG
EOXH��7KH�WRWDO�VXUIDFH�DUHD�RI�WKH����VPDOO�FXEHV�LV� �XQLWVð��WKDW�LV
����XQLWVð��6R�WKH�UHTXLUHG�IUDFWLRQ�LV� �
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��� & ,Q�HYHU\�WULDQJOH�WKH�OHQJWK�RI�WKH�ORQJHVW�VLGH�LV�OHVV�WKDQ�WKH�VXP�RI�WKH�OHQJWKV
RI�WKH�WZR�RWKHU�VLGHV��6R�LI�WKH�WULDQJOH�KDV�VLGHV�RI�OHQJWK���FP�DQG���FP��WKHQ
WKH�OHQJWK�RI�WKH�WKLUG�VLGH�LV�JUHDWHU�WKDQ���FP��EXW�OHVV�WKDQ����FP��+HQFH�WKH
SHULPHWHU� �FP��RI�WKH�WULDQJOH�VDWLVILHV� ��6R����FP�LV�WKH�RQO\�RQH
RI�3HUU\
V�VXJJHVWHG�YDOXHV�ZKLFK�FRXOG�EH�FRUUHFW�

p �� < p < ��
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��� & ,Q�HDFK�RI���SRVVLEOH�GLUHFWLRQV��WKH�YLHZ�RI�WKH�VFXOSWXUH�LV�DV
VKRZQ� ZLWK�WKH�RXWHU�VTXDUH�KDYLQJ�VLGH���XQLWV�DQG�WKH�LQQHU
VTXDUH�KDYLQJ�VLGH���XQLW�
6R�WKH�VXUIDFH�DUHD�RI�WKH�VFXOSWXUH�LV� �� × � XQLWV� = �� XQLWV�

��� ' 7KH�VXP�RI�DOO����QXPEHUV�LV� ��7KH�VXP�RI�WKH�ILUVW����QXPEHUV
LV ���6R�WKH�VXP�RI�WKH�UHPDLQLQJ����QXPEHUV�LV�
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HQGV�RI�WKH�VHFRQG�OHQJWK�RI�URSH��7KHQ�3DW�FKRRVHV�RQH�RI���GLIIHUHQW�SRVVLEOH
FRPELQDWLRQV� � � � � � ��6DP�QRZ�KROGV�RQH
XQWLHG�OHQJWK�RI�URSH�DQG�RQH�WLHG�ORRS�RI�URSH�LI��DQG�RQO\�LI��3DW�KDV�FKRVHQ
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�Alternatively: Irrespective of whichever end Pat chooses first, Sam will hold one
untied length of rope and one tied loop of rope if, and only if, Pat now chooses a
particular one of the three remaining ends, namely the other end of the same
rope. As each of the three ends is equally likely to be chosen, the required
probability is ���
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��� $ 1RWLFH�WKDW�D�VLQJOH�FRS\�RI�WKH�ORJR�FRQVLVWV�RI�IRXU�GRWV
ZKLFK�OLH�LQ�D�VWUDLJKW�OLQH�SOXV�WZR�RWKHU�GRWV�ZKLFK�OLH�RQ
WKH�SHUSHQGLFXODU�ELVHFWRU�RI�WKLV�OLQH��7KHVH�WZR�GRWV�DUH�QRW
HYHQO\�VSDFHG�DERYH�DQG�EHORZ�WKH�OLQH�RI�IRXU�GRWV��2I�WKH
RSWLRQV�JLYHQ��RQO\�$�KDV�WZR�OLQHV�RI�IRXU�GRWV�ZLWK�WZR
PRUH�GRWV�LQ�WKH�FRUUHFW�SRVLWLRQV�UHODWLYH�WR�HDFK�OLQH�

��� ' 7KH�SUREOHP�PD\�EH�VROYHG�E\�ILUVWO\�FDOFXODWLQJ�WKH�WKLUG�DQG�IRXUWK�WHUPV�RI
WKH�VHTXHQFH��EXW�DQ�DOJHEUDLF�PHWKRG�GRHV�UHGXFH�WKH�DPRXQW�RI�FDOFXODWLRQ
LQYROYHG��/HW�WKH�ILUVW�WZR�WHUPV�EH� �DQG� �UHVSHFWLYHO\��7KHQ�WKH�WKLUG�WHUP�LV
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��� ' $V�WKH�SHULPHWHU�RI�WKH�VTXDUH�KDV�OHQJWK����WKH�VTXDUH�KDV�VLGH�OHQJWK����6R�WKH
GLDPHWHU�RI�HDFK�RI�WKH�FLUFOHV�LV����7KH�SHULPHWHU�RI�WKH�VKDGHG�UHJLRQ�FRQVLVWV
RI�IRXU�VHPL�FLUFXODU�DUFV�DQG�IRXU�TXDUWHU�FLUFOH�DUFV��VR�LW�KDV�OHQJWK�HTXDO�WR
WKUHH�WLPHV�WKH�FLUFXPIHUHQFH�RI�RQH�FLUFOH��WKDW�LV� ��π
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��� ��( 8VLQJ�µWKH�GLIIHUHQFH�RI�WZR�VTXDUHV¶�

(� + x + y)� − (� − x − y)� = (� + x + y + � − x − y)(� + x + y − � + x + y) = �(�x + �y) = �(x + y).
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��� $ %RWK�������DQG�������DUH�PXOWLSOHV�RI���S��VR��&�PXVW�DOVR�EH�D�PXOWLSOH�RI���S�
2I�WKH�RSWLRQV�JLYHQ��RQO\�����LV�D�PXOWLSOH�RI���S��EXW�LW�UHPDLQV�WR�FKHFN�WKDW�D
WRWDO�FRVW�RI�����LV�SRVVLEOH����,I�WKHUH�DUH���FKLOGUHQ�DQG���DGXOWV��WKHQ�WKH�WRWDO
FRVW�LV� �� × ��.�� + � × ��.�� = ���.�� + ���.�� = ���

��� ( 7KH�RQO\�GLJLWV�ZKLFK�ZLOO�DSSHDU�WKH�VDPH�ZKHQ�UHIOHFWHG�LQ�WKH�JODVV�WDEOH�WRS
DUH���������DQG�����6R�LW�LV�QHFHVVDU\�WR�ILQG�WKH�QXPEHU�RI�WLPHV�LQ�D����KRXU
SHULRG�WKDW�WKH�GLVSOD\�RQ�WKH�FORFN�LV�PDGH�XS�RQO\�RI�VRPH�RU�DOO�RI�WKHVH�IRXU
GLJLWV��7KH�ILUVW�RI�WKH�GLJLWV��WKHUHIRUH��PD\�EH���RU����WKH�VHFRQG�GLJLW�PD\�EH���
�����RU����WKH�WKLUG�GLJLW�PD\�EH������RU����WKH�IRXUWK�GLJLW�PD\�EH���������RU���
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JDUGHQ� �UHSUHVHQWV�WKH�IHQFH�DQG� �LV�WKH�IRRW�RI�WKH
SHUSHQGLFXODU�IURP� �WR� �
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7KH�WZR�VHFWLRQV�RI�WKH�JDUGHQ�KDYH�WKH�VDPH�SHULPHWHU�VR

�LV����P�ORQJHU�WKDQ� ���+HQFH� �DQG
���$V� �DQG� �DUH�ERWK�ULJKW�DQJOHV�

WULDQJOHV �DQG� �DUH�VLPLODU�
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AC = AD

AB = ��
�� AE = �
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$OVR� ���+HQFH� �ED

CB = AD
AB = ��
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)LQDOO\��E\�3\WKDJRUDV
�7KHRUHP�� �CD� = EC� + ED� = (��� + ���)P� = � × ���P�

6R�WKH�OHQJWK�RI�WKH�IHQFH�LV� �P��� �


